This study presents both the theoretical framework and the finite element solution to the fractional-order nonlocal thermoelastic response of beams. The constitutive relations of the fractional-order medium are developed based on thermodynamic principles. Remarkably, it is shown that the fractional model allows the rigorous application of thermodynamic balance principles at every point within the domain. The theory is applied to the analysis of the nonlocal response of Euler-Bernoulli beams under combined thermo-mechanical loads. The governing fractional-differential equations and the associated boundary conditions for the elastic field variables are derived using variational principles. The fractional finite element method (f-FEM) is used to numerically solve the linear and nonlinear fractional-order system of equations. Further, the numerical model is used to study the thermoelastic response of the nonlocal beam subject to various thermo-mechanical loads and boundary conditions. The fractional thermoelasticity framework is expected to provide consistent models for nonlocal interactions in complex nonlocal structures exposed to a thermo-mechanical environment.
I. INTRODUCTION
Several theoretical and experimental studies have shown that size-dependent effects, also referred to as nonlocal effects, are prominent in the response of complex structures of great relevance for many real-world applications. These size-dependent effects can be traced back to medium heterogeneity, existence of surface stresses, presence of thermal loads, and even medium geometry. More specifically, in the case of micro-and nano-structures, size-dependent effects have been traced back to the existence of surface and interface stresses due to nonlocal atomic interactions and Van der Waals forces [1] [2] [3] . In the case of macroscale structures, nonlocal effects can result from an ensemble of factors including material heterogeneity, interactions between layers (e.g. in FGMs or composite media) or unit cells (e.g. in periodic media), and geometric inhomogeneity [4] [5] [6] [7] . In other terms, nonlocal governing equations for macrostructures often result from a process of homogenization of the initial inhomogeneous system. Further, geometric effects such as changes in curvature have also been shown to induce nonlocal size-dependent effects in nano-, micro-, and macrostructures [3, 8] .
The above mentioned complex slender structures have important applications in engineering and biotechnology. As an example, macroscale structures made from functionally graded materials (FGM) or sandwiched designs have been largely used in weight-critical applications such * fsemperl@purdue.edu as aerospace, naval, and automotive systems [9, 10] . Similarly, thin films, carbon nanotubes, monolayer graphene sheets and micro tubules have far-reaching applications in atomic devices, micro/nano-electromechanical devices, as well as sensors and biological implants [8, 11, 12] . Independently on the spatial scale, the key design constraints in the above applications include restrictions on space and weight. As a result, structural assemblies for lightweight applications are typically made of a combination of slender components like beams, plates, and shells. There are several applications where these structures are subject to large and rapidly varying mechanical and thermal loads that drive the system into a geometrically nonlinear regime. A practical example includes the analysis of supersonic or hypersonic aerospace systems where the combination of large and quickly varying aero-thermomechanical loads induces highly a nonlinear response [9, 10, 13] . Similarly, the ability to account for coupled thermomechanical nonlinear effects is also critical in applications involving nano-and micro-structures such as, for example, in the design of biological implants, measurement devices, and sensors [11, 12, 14, 15] . Despite the undeniable need for proper theoretical frameworks and computational tools capable of simulating the thermomechanical response of nonlinear and nonlocal structures, only a limited amount of studies focusing on geometrically nonlinear thermomechanical response of nonlocal slender structures are available in the literature. In the following, we briefly review the main characteristics of these studies and discuss key limitations.
Seminal works from Kroner [16] and Eringen [17] have explored the role of nonlocality in elasticity and laid its arXiv:2003.10215v1 [math.NA] 3 Mar 2020 theoretical foundation. The key principle behind nonlocal theories relies on the idea that all the particles located within a prescribed area, typically indicated as the horizon of nonlocality, influence one another by means of long range cohesive forces. This interaction between particles is accounted for by using gradient or integral relations for the strain field within the constitutive equations. These approaches lead to so-called weak gradient methods or strong integral methods, respectively. Integral methods [18, 19] define constitutive laws in the form of convolution integrals between the strain and the spatially dependent elastic properties over the horizon of nonlocality, whereas gradient elasticity theories [20] [21] [22] account for the nonlocal behavior by introducing strain gradient dependent terms in the stress-strain constitutive law. As emphasized earlier, several applications involving nonlocal slender structures also experience thermal loads and geometric nonlinearities. Although several studies are available on the topics of geometrically nonlinear response of nonlocal slender structures [11, 12, 14, 23, 24] and on the thermomechanical response of nonlocal structures [15, 18, 25, 26] , it appears to be a shortage of theoretical and numerical methods capable of addressing the geometrically nonlinear thermomechanical response of nonlocal structures.
As mentioned previously, the classical studies on nonlocal (linear or nonlinear) elasticity and nonlocal (linear) thermoelasticity encounter some key shortcomings. As an example, gradient theories experience serious difficulties when enforcing the boundary conditions associated with the strain gradient-dependent terms [20, 21] . On the other side, the integral methods are better suited to deal with boundary conditions but they lead to mathematically ill-posed governing equations. This mathematical ill-posedness leads to erroneous predictions such as the absence of nonlocal effects or the occurrence of hardening behavior for certain combinations of boundary conditions [27, 28] . In this class of problems, the ill-posedness stems from the fact that the constitutive relation between the bending moment field and the curvature is a Fredholm integral of the first kind, whose solution does not generally exists and, if it exists, it is not necessarily unique [27, 28] . Additionally, in both these classes of methods, there are no available explicit relations to estimate the stress at a given point given the strain at that particular point. This latter aspect prevents the application of variational principles [29, 30] and has critical implications on the development of a thermodynamic framework for the classical nonlocal approaches. More specifically, the modeling of nonlocality through nonlocal stress-strain constitutive relations allows only a weak application (in a domain integral sense) and prevents the localized (pointwise) application of the thermodynamic balance laws. As discussed in [18] , the weak application of thermodynamic balance laws, particularly the second law, leads to inconsistencies in the nonlocal continuum framework.
In recent years, fractional calculus has emerged as a powerful mathematical tool to model a variety of nonlocal and multiscale phenomena. Fractional derivatives, which are a differ-integral class of operators, are intrinsically multiscale and provide a natural way to account for nonlocal effects [31] . Given the multiscale nature of fractional operators, fractional calculus has found widespread applications in nonlocal elasticity [6, 7, [32] [33] [34] [35] [36] [37] . In a series of papers, Patnaik et al. [7, [38] [39] [40] [41] have shown that a nonlocal continuum approach based on fractionalorder kinematic relations provides an effective way to address the previously mentioned shortcomings of classical approaches to nonlocal elasticity. Note that, unlike gradient elasticity methods, additional essential boundary conditions are not required when using Caputo fractional derivatives [6, 7] . Further, the nonlocal model based on fractional-order kinematic relations allows the application of variational principles and leads to well-posed governing equations that admit unique solutions [38, 40] .
In this study, we build upon the fractional-order nonlocal continuum theory and develop a thermodynamic framework for the geometrically nonlinear response of nonlocal beams. The overall goal of this study is two fold. First, we develop a thermodynamic framework for the fractional-order continuum formulation. We will show that the fractional-order continuum formulation allows for a rigorous application of all thermodynamic principles. More specifically, the use of fractional-order kinematic relations prevents the requirement of additional integral constitutive stress-strain relations as seen in classical nonlocal approaches (see, for example, [18] ). As a result, the thermodynamic balance laws in the fractionalorder theory are free from nonlocal residual terms which greatly simplifies the constitutive modeling of the nonlocal continuum theory while providing a rigorous implementation of the thermodynamic principles at each point in the solid. The latter observation highlights an important benefit and a key motivation to pursue a fractional-order formulation to nonlocal thermoelasticity. Second, we develop a fractional-order finite element method (f-FEM) capable of accurately solving the nonlinear fractional-order thermomechanical equations. This numerical model builds on the f-FEM developed in [39] for the analysis of geometrically nonlinear response of nonlocal beams using fractional calculus.
We note that several fractional-order thermomechanical models have been developed and presented in previous literature [42] [43] [44] [45] . However, all these studies have focused primarily on the use of fractional-order operators to model complex thermal exchanges. More specif-ically, time-fractional derivatives have been used within the heat conduction equation in [42, 45] in order to model dissipation within the thermal processes, while spacefractional derivatives have been used in [43, 46] to model spatial diffusion in the thermal processes. We emphasize that the stress-strain constitutive relations in all these studies are local whereas, on the contrary, we have considered a nonlocal solid with fractional-order continuum relations. The heat conduction equation used in our study matches the classical integer-order heat conduction equation. In this regard, we merely note that the use of a space-fractional heat conduction equation leads to inconsistencies in the application of the second law of thermodynamics [46] . This latter observation motivates the use of the classical (integer-order) heat conduction equation in our study.
The remainder of the paper is structured as follows: we begin with the development of a thermodynamic framework for the fractional-order approach to nonlocal elasticity. We use this framework to derive the governing equations of the nonlinear thermoelastic response of a nonlocal beam using variational principles. Next, we develop a f-FEM to obtain the numerical solution to the nonlinear fractional-order governing equations. Finally, we use the f-FEM to analyze the effect of the fractionalorder nonlocality on the static response of the beam subject to different thermomechanical loads and boundary conditions.
II. CONSTITUTIVE MODEL FOR FRACTIONAL-ORDER THERMOELASTICITY
In this section, we develop the constitutive model for fractional-order nonlocal thermoelasticity. As discussed earlier, the nonlocal beam theory presented here below builds on the formulation for a fractional-order nonlocal continuum presented in [7] . In the following, we briefly review the key highlights of the continuum theory.
A. Fundamentals of the fractional-order nonlocal continuum formulation
Analogous to the classical approach to continuum mechanics, the response of a nonlocal solid can be analysed by introducing two configurations, namely, the reference (undeformed) and the current (deformed) configurations. The motion of the body from the reference configuration (denoted as X) to the current configuration (denoted as x) is assumed as:
such that Φ(X, t) is a bijective mapping operation. The above mapping operation is used to model the differential line elements dX and dx in the undeformed and deformed configurations of the nonlocal solid using fractional-order operators. Such result is achieved by defining fractionalorder deformation gradient tensors [7] .
In analogy with classical strain measures, the nonlocal strain can be defined using the fractional-order differential line elements as dxdx − dXdX. The above formalism leads to the following expression for the Lagrangian strain tensor in the nonlocal medium [7, 39] :
where U(X) = x(X) − X denotes the displacement field. The fractional gradient denoted by ∇ α U X is given as ∇ α U Xij = D α Xj U i and consists of space-fractional derivatives. The space-fractional derivative D α X U(X, t) is taken according to a Riesz-Caputo (RC) definition with order α ∈ (0, 1) and it is defined on the interval X ∈ (X A , X B ) ⊆ R 3 in the following manner:
where Γ(·) is the Gamma function, and C X A D α X U and C X D α X B U are the left-and right-handed Caputo derivatives of U, respectively. Before proceeding, we highlight certain implications of this definition of the fractionalorder derivative. The interval of the fractional derivative (X A , X B ) defines the horizon of nonlocality (also called attenuation range in classical nonlocal elasticity). The length scale parameters L α−1 A and L α−1 B ensure the dimensional consistency of the deformation gradient tensor, and along with the term 1 2 Γ(2 − α) ensure the frame invariance of the constitutive relations [7] .
In this formulation, nonlocality was introduced by using fractional-order kinematic relations. The differential line elements in the undeformed and deformed nonlocal configurations were modeled using fractional-order deformation gradients which, in turn, were used to obtain the strain in the nonlocal medium. This definition of the strain has critical implications on the thermodynamic framework for the fractional-order model of nonlocal continuum. In the following section, we will show that the above approach to modeling nonlocality allows enforcing in a strong (localized) sense the first and second law of thermodynamics. In other terms, the fundamental laws of thermodynamics can be applied in a strict sense at each point in the nonlocal continuum as opposed to what happens in classical nonlocal approaches.
B. Thermodynamic framework for fractional-order thermoelasticity
In order to cast the fractional-order nonlocal model presented above within a thermodynamic framework, consider a nonlocal solid occupying a domain Ω and assume that it possesses an internal energy density e. The first step is to enforce the first law of thermodynamics (i.e. the conservation of energy) based on the fractionalorder continuum model. For the nonlocal solid, in addition to the local strain energy, the statement of the conservation of energy should also include the energy exchange due to the long range cohesive forces between different material points. Given the fractional-order kinematic relations described in §II A, the contribution of the energy contained in these long range cohesive forces are fully captured in the fractional-order nonlocal strain˜ . It is immediate to see that the internal energy density of the solid can now be expressed as a function of the fractional-order strain (˜ ). Further, the strain energy density is also a function of the entropy (η). Consequently, we have e = e(˜ ,η). This functional relationship is in sharp contrast with the classical nonlocal thermodynamic framework where the internal energy is only a function of the strain field. More specifically, the thermodynamic framework for classical nonlocal approaches leads to e = e( , R( ),η) where is the classical (local) strain field and R( ) denotes a linear integral operator which models nonlocality in the solid [17, 18, 47, 48] .
Note that the fractional-order strain˜ allows to combine the local integer-order strain and its integral R( ) into a single term (see Eq. (3)) [7] . Indeed, this is precisely the reason that allows expressing the internal energy density as e = e(˜ ,η). The latter observation is significant as the first law of thermodynamics can be applied in a strict sense at every point in the domain in the following manner:
whereσ denotes the fractional-order stress tensor in the nonlocal solid, h is the heat generated internally per unit volume and q is the vector of the heat flux density. The comma in the subscript (q i,i ) denotes the integer-order spatial derivative and the accent (˙ ) denotes the first integer-order derivative with respect to time. We emphasize again that this results is in net contrast with classical nonlocal approaches where the conservation of the first law can only be applied in a weak sense (see, for example, [18] ).
Next, we apply the second law of thermodynamics to the fractional-order continuum model. The internal en-tropy production rate,η int , is defined as:
where ∇(·) denotes the integer-order divergence and T denotes the temperature of the solid. Recall that the second law of thermodynamics states that the internal entropy production rate is non-negative for all points inside the solid, that isη int ≥ 0 ∀ X ∈ Ω. Classical approaches to nonlocal thermoelasticity allow satisfying this inequality only in a weak sense, that is Ωη int ≥ 0 [17, 47, 48] . A detailed discussion of the corresponding physical inconsistencies can be found in [18] .
In analogy with the classical approach, we introduce the Legendre transformation ψ = e − Tη, where ψ denotes the Helmholtz free energy. It follows that ψ = ψ(˜ , T ) which is contrary to classical nonlocal approaches wherein ψ = ψ( , R( ), T ) [18] . By using the Legendre transform along with Eq. (5) in the second law of thermodynamics, we obtain:
Remarkably, the above fractional-order inequality matches, in its functional form, the classical Clausius-Duhem inequality; a clear difference with classical nonlocal formulations where additional terms appear within the inequality as a result of the functional dependence of ψ on R( ). As discussed in [18] , these additional terms within the inequality disappear only when a weak form is considered. However, as mentioned previously, the satisfaction of the second law of thermodynamics in a weak sense is nonphysical.
The inequality in Eq. (6) is used to derive the thermodynamically consistent constitutive equations for the fractional-order nonlocal elasticity. By substituting the expression for the time derivative of the Helmholtz free energy, the inequality in Eq. (6) is expressed as:
Since the above inequality must hold for all thermoelastic processes as well as for arbitrary choices of the independent fields˜ and T , we obtain the following constitutive laws:σ
Further, by using the above constitutive relations within Eq. (6), the inequality reduces to:
which establishes the second law of thermodynamics. The relations in Eqs. (8, 9) can be expressed as:
Theorem: The constitutive relations for fractionalorder nonlocal thermoelasticity do not violate the Clausius-Duhem inequality if they are of the form given in Eq. (8) and subject to Eq. (9).
A few additional comments on this thermodynamic framework are needed. At a first glance, the form of the stress-strain constitutive relation in Eq. (8a) might be deceiving as it appears to lead to a classical constitutive relation. Although this is, formally, a correct statement it does not entirely capture the nature of Eq. (8a). As highlighted earlier, nonlocality was modeled using fractionalorder kinematic relations given in Eq. (2) . Therefore, the stress defined through the Eq. (8a) is also nonlocal in nature. In addition, this construction of nonlocality (i.e. based on fractional-order kinematic relations) allows the application of variational principles and, when applied to slender structural components, ensures a quadratic form of the potential energy of the system and leads to wellposed nonlocal governing equations [38, 40] .
Note that, in this study, we assumed an integer-order Fourier heat conduction law, that is q i = −kθ ,i , where k is the material conductivity constant such that k > 0 and θ = T − T 0 is the difference between the temperature T at any point within the continuum and the uniform ambient temperature T 0 at the reference state. It is immediate that the inequality in Eq. (9) obtained from the second law is trivially satisfied for the integer-order heat conduction law. Finally, following from the latter remark, a space-fractional thermal conduction law defined as q i = −kD α Xi θ was proposed in [43] . However, as shown in [46] , the space-fractional heat conduction law violates the second law of thermodynamics [46] . Thus, we limit the scope of the current study to fractional-order constitutive modeling for elastic variables but integer-order models for the thermal fields.
C. Thermoelastic fractional-order continuum mechanics
Remembering that the fractional-order nonlocal formulation allows a localized implementation of the thermodynamic principles, we write the Helmholtz free energy density for the thermoelastic response following the typical approach for local elasticity (albeit by using the fractional-order strain). Further, we use the Helmholtz free energy density to construct the material constitutive relations for nonlocal thermoelasticity. Using the above arguments, the free energy for an isotropic material is expressed as a series expansion of the fractional-order straiñ ij and the temperature difference θ as [49] :
where a k are material constants and
are the invariants of the nonlocal strain tensor˜ . Assuming that the solid is stress free in the undeformed state and the free energy is restricted to linear isotropic thermoelasticity (i.e. ignoring the higher order terms in Eq. (10a)), we obtain the following expression for ψ:
where the material constants are given as [50] :
The material constants λ and µ are the isothermal Lamé parameters for the isotropic solid, α 0 is the coefficient of volumetric thermal expansion and C 0 v is the specific heat at constant strain. The parameters α 0 and C 0 v are all defined in the reference state at T 0 . Thus, the Helmholtz free energy density for the thermoelastic response of a nonlocal isotropic solid is given by:
By using the above expression for ψ together with Eqs. (8a,8b) , the thermoelastic constitutive relations relating the different physical quantities for the isotropic solid are obtained as:
Using the above results, the Helmholtz free energy in Eq. (13) is recast in the following manner:
In this section, we use the thermoelastic constitutive relations developed for the nonlocal solid to analyze the thermoelastic response of a fractional-order Euler-Bernoulli beam. Building on [38, 39] we derive the geometrically nonlinear governing equations and the corresponding boundary conditions for the thermoelastic boundary value problem (BVP) using variational principles.
A. Geometrically nonlinear constitutive relations
Consider a nonlocal beam subject to distributed transverse mechanical and thermal loads as illustrated in Fig. (1) . As indicated in the schematic, the Cartesian coordinates for the current study are chosen such that The axial and transverse components of the displacement field u(x 1 , x 3 ) are denoted by u 1 (x 1 , x 3 ) and u 3 (x 1 , x 3 ), respectively. These displacement fields are given by the Euler-Bernoulli theory as:
where u 0 (x 1 ) and w 0 (x 1 ) are the mid-plane axial and transverse displacements, respectively. For a geometrically nonlinear analysis, assuming moderate rotations (10 • − 15 • ) but small strains, the fractional-order Lagrangian strain tensor in Eq. (2) can be further simplified using von-Kármán relations. The resulting fractional-order von-Kármán strain-displacement relations are given as [39] :
where D α x1 (·) denotes the fractional-order RC derivative defined in Eq. (3). As discussed previously, for the RC derivative used above, the 1D domain (x A , x B ) along the mid-plane of the beam is the horizon of nonlocal interaction at x(x 1 , 0). The end-points of the nonlocal horizon x A (x A1 , 0) and x B (x B1 , 0) are the terminals of the left-and right-handed Caputo derivatives within the RC derivative. It follows from Eq. (3) that l A = x 1 −x A1 and l B = x B1 − x 1 are the length scales alongx 1 to the left and right hand sides of the point x(x 1 , 0), respectively.
By combining the fractional-order nonlinear axial strain in the above equation along with the Euler-Bernoulli displacement field given in Eq. (16) , the axial strain can be recast as:
In the above equation,˜ 0 (x 1 ) andκ(x 1 ) denote the fractional-order axial and bending strains, respectively. They are expressed in terms of the mid-plane field variables as:
The axial stress in the nonlocal isotropic solid subject to thermoelastic loads is obtained from Eq. (14a) as:
where E is the Young's modulus of the isotropic solid and α 0 is the coefficient of thermal expansion for the isotropic solid, as defined earlier.
Using the above defined fractional-order strain and stress fields, the deformation energy density U of the non-local beam is obtained as:
where Ω denotes the volume occupied by the beam. The total potential energy functional of the beam subject to distributed axial (F a (x 1 )) and transverse forces (F t (x 1 )) acting on the mid-plane, assuming that no body forces, is given by:
Work done by transverse loads (22) We now derive the governing equations and the associated boundary conditions for the thermoelastic response of the nonlocal beam in the strong form by imposing optimality conditions on the above functional. Before presenting the governing equations, we highlight that the objective of this study is to evaluate the elastic response of a 1D beam when subject to combined thermal and mechanical loads. The thermal load consists of a steadystate temperature distribution applied along the length of the beam on the face at x 3 = ±h/2. Thus, the independent variation of temperature field δT , and thereby δθ, is identically zero.
B. Governing equations
The fractional-order governing equations for the thermoelastic response of geometrically nonlinear and nonlocal beams is obtained using variational principles (i.e. by minimizing the total potential energy given in Eq. (22)). The resulting form is given as follows:
The corresponding essential and natural boundary conditions (∀ x 1 ∈ {0, L}) are obtained as:
N (x 1 ) = 0 or δu 0 (x 1 ) = 0 (24a)
M(x 1 ) = 0 or δ D 1 x1 w 0 (x 1 ) = 0 (24b)
[w 0 (x 1 )] = 0 or δw 0 (x 1 ) = 0 (24c) Note that the detailed steps leading to the above fractional-order nonlinear governing equations extend directly from the geometrically nonlinear analysis of fractional-order beams presented in [39] , hence they are not provided here. In the above Eqs. (23, 24) , D 1 x1 (·) denotes the first integer-order derivative with respect to the axial variable x 1 . D α x1 (·) is the Riesz Riemann-Liouville derivative of order α which is defined as: 
. This change in the terminals of the interval of the Riesz Riemann-Liouville fractional derivative follows from the standard integration by parts technique used to simplify the variational integrals (see [38] ). Further, N (x 1 ) and M(x 1 ) are axial and bending stress resultants defined in the following manner:
By using the constitutive relations for a homogeneous isotropic solid given in Eq. (20) along with the above definitions, the stress resultants are obtained as:
where A 11 = Ebh and D 11 = Ebh 3 /12 are the axial and bending stiffness coefficients of the beam, respectively. The thermal resultants N θ (x 1 ) and M θ (x 1 ) for the isotropic beam are given as:
Note that for a general distribution of material properties across the thickness of the beam, additional terms due to the bending-extension coupling would be noted in the Eqs. (26, 28) . In the following, we discuss a few characteristics of the thermomechanical governing equations given in Eq. (23) . First, observe that the stress resultants given in Eq. (27) introduce the thermoelastic variables into the governing equations in Eq. (23). In the absence of thermal loads (θ(x 1 , x 3 ) = 0), the constitutive models reduce to the expressions derived in [39] for the geometrically nonlinear fractional-order nonlocal beams. Owing to the nonlinear nature of the structural response, the axial and transverse displacement fields are coupled unlike what seen in the linear elastic case [38] . Second, we emphasize that the fractional-order model for the linear thermoelastic response of a nonlocal beam can be obtained by ignoring the nonlinear terms in the constitutive relations developed above. The linear thermoelastic model of the fractional-order nonlocal beam will be discussed further in §V. Finally, the classical thermoelastic models are recovered for α = 1.
IV. NONLINEAR FRACTIONAL FINITE ELEMENT METHOD (F-FEM)
Given the nonlinear and integro-differential nature of the governing equations, it is not possible to obtain closed form solutions for the most general loading and boundary conditions. Therefore, we develop a fractional-order finite element method (f-FEM) to obtain the numerical solution of the nonlinear fractional-order governing differential equations. The f-FEM developed for the thermomechanical fractional-order BVP builds upon the numerical models developed for fractional-order models of nonlocal elasticity [38, 39] . Although, the f-FEM is developed here for thermoelastic response of fractional-order beams, it can be easily extended for higher dimensional structures like plates and shells. Analogously to traditional FEM, the f-FEM is formulated starting from a discretized form of the total potential energy functional Π[u(x)] given in Eq. (22) . For this purpose, the 1D domain Ω = [0, L] of the beam indicated in Fig. (1) is uniformly discretized into disjoint two noded elements Ω e i = (x i 1 , x i+1 1 ) of length l e such that ∪ Ne i=1 Ω e i = Ω, N e being the total number of discretized elements. It is immediate that Ω e j ∩ Ω e k = ∅ ∀ j = k. The unknown field variables u 0 (x 1 ) and w 0 (x 1 ) in Eq. (23) can now be evaluated at any point x 1 ∈ Ω e i by interpolating the corresponding nodal values for Ω e i as:
where {U e (x 1 )} and {W e (x 1 )} are the axial and transverse displacement degrees of freedom of the element Ω e i . For the two-noded element used in this study, the displacements are given by:
The superscripts (·) (1) and (·) (2) in the above equations denote the local node numbers of the two-noded element.
[S u (x 1 )] and [S w (x 1 )] are shape function matrices given as:
where L i (i = 1, 2) and H j (j = 1, 2, 3, 4) are the Lagrangian and Hermitian interpolation functions, respectively. These functions are chosen to enforce the continuity of the axial and transverse displacement fields for the Euler-Bernoulli beam theory. The RC fractional derivative D α x1 [u 0 (x 1 )] defined in Eq. (3) is expressed as:
where s 1 is a dummy variable in the axial direction, used within the definition of the fractional-order derivative. The above expression can be recast as:
is interpreted as the α-order power-law function for the convolution integral of integer-order derivative D 1 s1 [u 0 (x 1 )] over the nonlocal interaction zone (x 1 −l A , x 1 +l B ). It follows from Eq. (30) that the attenuation function is:
(31b) Note that the kernel is a function of the relative distance |x 1 − s 1 | and physically, serves as the attenuation function corresponding to the fractional-order model for nonlocal elasticity. The above result for the RC fractional derivative of the axial displacement u 0 (x 1 ) (Eq. (31a)) can be extended directly to derive the expressions for
. These expressions can also be found in [39] .
The integer-order derivatives More specifically, from Eq. (29) we have:
where the different matrices [B (s 1 )] are given as:
Finally, by using the above expressions in Eq. (31a) we have:
It is immediate that the evaluation of the above fractional derivatives requires a convolution of the integerorder derivatives across the horizon of nonlocality (x 1 − l A , x 1 +l B ). Thus, while obtaining the FE approximation in Eq. (33), the nonlocal contributions from the different finite elements in the horizon (x 1 − l A , x 1 + l B ) must be properly attributed to the corresponding nodes. In order perform this mapping of the nonlocal contributions from elements in the horizon, the nodal values {U l (s 1 )} and {W l (s 1 )} must be transformed into the respective global variable vectors {U g } and {W g } with the help of the connectivity matrices C u (x 1 , s 1 ) and C w (x 1 , s 1 ) , respectively. A detailed discussion on these connectivity matrices can be found in [38, 39] . Following this transformation, the fractional derivatives can be expressed as:
where the different matrices [B (x 1 )] are given as:
We use the above derived expressions for FE approximations of the different fractional-order derivatives to obtain the algebraic governing equations corresponding to the geometrically nonlinear thermoelastic response of the fractional-order beam. In the interest of a more compact notation, the functional dependence of the different physical quantities on the spatial variables will be implied, unless stated to be constant. By using the expressions in Eqs. (34) , the first variation of the virtual strain energy δU defined in Eq. (22) is obtained as:
By using the strain-displacement relations in Eq. (18) and the stress-resultants in Eq. (26) we obtain:
The minimum potential energy principle, δΠ = 0, is enforced to obtain the algebraic equations of equilibrium.
Collecting the terms containing the independent variations δu 0 and δw 0 , and using Eq. (27) gives the following pair of equations:
From the above equation, note that the geometric nonlinearity introduces additional nonlinear thermomechanical coupled terms. This nonlinear behavior is dependent on the thermal properties of the beam as evident from the expressions of the thermal stress resultants given in Eq. (28) . In fact, these nonlinear effects are expected to be significant at high temperature. These additional nonlinear thermomechanical terms can be accounted for in two ways: approach #1: the terms are treated as an external nonlinear thermal force; and approach #2: the contribution of these terms is accounted via the stiffness matrix of the system. The equivalence of the results obtained through both these approaches and a comparison of their accuracy and stability is presented in [51] . In this study, we follow the approach #1 so that the linear analysis of the nonlinear system, for small displacements, be-comes straightforward without requiring changes to the stiffness matrix.
The nonlinear governing Eq. (37) in the weak form is converted into algebraic equations in the nodal displacement degrees of freedom. More specifically, by using the numerical approximations developed for the different fractional derivatives (see Eq. (34) ) and then enforcing the minimization of the total potential energy, we obtain the following system of nonlinear algebraic equations in {U g } and {W g }:
where the different stiffness matrices are given by:
The axial and transverse force vectors due to the mechanical and thermal loads are given as:
The algebraic equations (38) are solved for the nodal values of the generalized displacement coordinates for an isotropic beam subject to distributed thermal and mechanical loads. The solution to these equations along with Eq. (16) gives the displacement field at any point within the beam. The geometric nonlinearity in the system is clearly evident from the expressions of the stiffness matrices. Further, as previously discussed, the additional nonlinear thermomechanical terms are introduced into the model as a nonlinear transverse force as evident from Eq. (40d). Given the nonlinear nature of the FE algebraic equations, a Newton-Raphson (NR) iterative numerical scheme was adopted to obtain the solution of the Eq. (38) . Similar to classical nonlinear models, the NR procedure for the fractional-order nonlinear equations also requires the evaluation of the tangent stiffness matrix. The procedure to evaluate the tangent stiffness matrix as well as the NR scheme can be found in [39] .
Note that the nonlinear f-FEM also involves the numerical evaluation of the stiffness matrix, the tangent stiffness matrix, and the force vector. The procedure to numerically evaluate the force vector follows directly from classical FE formulations. The stiffness matrix of the nonlocal system given in Eq. (39) requires the evaluation of the different nonlocal matrices [B ], ∈ {u, w, θ} given in Eq. (34) . As evident from Eq. (34) , this involves a convolution of the integer-order derivatives with the fractional-order attenuation function over the horizon of nonlocality. Clearly, the FE approximation for fractional-order derivative involves additional integrations over the horizon of nonlocality to account for the nonlocal interactions. A numerical procedure to account for these nonlocal interactions has been presented in several classical numerical approaches to nonlocal elasticity [18, 52] . However, an additional complexity in the fractional-order theory stems from the singularity of the kernel at x 1 = s 1 (see Eq. (31b)). The fractional-order nonlocal interactions as well as the end-point singularity are addressed in detail in [38, 39] . We emphasize that the numerical integration procedure presented in [38, 39] directly extends to the stiffness and tangent stiffness matrices of the nonlinear FE governing equations derived in this study.
The linear f-FEM for the thermoelastic response of the nonlocal isotropic beam can be obtained from the above model by ignoring the contribution of the nonlinear coupling term, that is (D α x1 [w 0 (x 1 )]) 2 in the system matrices as well as in the force vectors. Note that the axial and transverse displacement fields for the linear elastic response due to thermo-mechanical loads are decoupled.
Finally, the f-FEM reduces to a local thermoelastic study of beams when the fractional-order is set to α = 1.
V. NUMERICAL RESULTS AND DISCUSSION
We use the numerical model developed in §IV to analyze both the linear and geometrically nonlinear thermoelastic response of fractional-order nonlocal isotropic beams. In order to satisfy the underlying assumptions of the Euler-Bernoulli beam theory, the beam is assumed to be slender with an aspect ratio of L/h = 100. In the following studies, the length of the beam is maintained at L = 1m and the width of the beam is considered to be unity. The beam is assumed made out of aluminum that is E = 70GPa and α 0 = 23 × 10 −6 K −1 . The constitutive parameters of the fractional-order continuum model, order α and length scales l A and l B are provided wherever necessary. We assumed that the length scales l A and l B at a point within the domain of the isotropic beam are equal, that is l A = l B = l f . However, following the discussion in §II A, these length scales are truncated for points close to geometric boundaries of the beam. We analyzed numerically the effect of the fractional parameters α and l f on the response of the beam subject to different loading and boundary conditions. Both the linear and nonlinear cases are considered.
Before presenting the results, we make a few remarks concerning the validation and convergence of the f-FEM. In this regard, the f-FEM procedure has already been validated for linear BVPs in [7] and for nonlinear BVPs in [39] . Further, as discussed in [7, 39] , the convergence of the f-FEM with finer element discretization is controlled by the dynamic rate of convergence defined as:
where l e is the length of the discretized element. This parameter was shown to be dependent on the fractional model parameters α and l f that determine the strength of the nonlocal interactions between distant elements [7, 39] . Following these convergence studies, the mesh discretization N inf = 10 was chosen. This choice allows for sufficient number of elements to be included in the horizon of nonlocality at any point, in order to accurately capture the nonlocal interactions [7, 39] .
Linear Response: we considered a simply supported beam subject to a uniformly distributed transverse load (UDTL) of magnitude q 0 (in N/m) and to the following thermal load:
The bottom surface of the beam was maintained at the ambient temperature T 0 . It follows, from Eq. (41) , that the temperature of the top surface is T 1 (= T 0 +2θ 1 ). The nonlocal elastic response to these thermo-mechanical loads for different values of fractional constitutive parameters α and l f are compared in Fig. (2) . The transverse displacement along the length of the simply supported beam was explored for different values of α while maintaining l f constant (Fig. (2a) ). Similarly, the transverse displacement was evaluated for different values of l f while maintaining α constant (Fig. (2b) ). The increase in transverse displacement with the increasing degree of nonlocality, achieved either by reducing α (see Fig. (2a) ) or by increasing l f (see Fig. (2b) ), points towards the reduction of the stiffness of the fractionalorder beam. We emphasize that the consistent softening of the structure with increasing degree of nonlocality was also observed for beams subject to different loading and boundary conditions. In order to facilitate the analysis of the thermoelastic response of the nonlocal beam, we have provided, as a reference, the transverse displacement of the local beam (α = 1) for two different cases: (a) absence of thermal load, i.e. θ 1 = 0; and (b) linear thermal load given in Eq. (41) . From Fig. (2) , note that the nonlocal results converge to the local results for α approaching 1 and l f /L << 1.
Nonlinear response: in this case, the beam was subjected to a UDTL of magnitude q 0 (in N/m) and a uniform thermal field θ(x 1 , x 3 ) = θ 0 (in K). First, we considered a beam that is clamped at both ends and subjected to the thermo-mechanical loads described above. The transverse displacement of the beam for a fixed UDTL and varying magnitude of the thermal load was obtained and compared for different values of α and l f . The magnitude of the UDTL was fixed at q 0 = 5 × 10 4 N/m and the value of the uniform thermal field q 0 was varied in order to analyze the effect of the thermal load on the response of the beam. Additionally, in order to analyze the effect of the fractional model parameters on the response of the beam, the transverse displacement of the beam was compared for different values of α and l f . The results of this study are presented in Fig. (3) in terms of the thermal load versus displacement. The displacement values presented in Fig. (3) correspond to the maximum displacement of the mid-plane of the beams, obtained at x 1 = L/2. The effect of the fractional-order α, with l f being held constant, is compared in Fig. (3a) , while the effect of l f for fixed α are presented in Fig. (3b) . The result for the local case (α = 1) is provided for reference in both cases. As evident from Fig. (3) , the nonlocal beam exhibits consistent softening with increasing thermal loads and increasing degree of nonlocality. As observed earlier, the thermoelastic response of the nonlocal beam converges to the corresponding local elastic response for α approaching 1 and l f /L << 1. Finally, the study was repeated for a beam pinned at both ends. The effect of the fractional model parameters over the geometrically nonlinear response of the pinned-pinned beam subject to thermo-mechanical loads is presented in Fig. (4) . Observations analogous to those drawn for the clamped-clamped beam can be extended to this case. Remarkably, the fractional-order approach to the modeling of nonlocal elasticity exhibits a coherence across boundary conditions as well as loading conditions for both the linear and geometrically nonlinear responses. This behavior differs sharply from the paradoxical results reported in the literature for either gradient or integral based approaches to nonlocal elasticity [27, 28, 53] .
VI. CONCLUSIONS
This study established the theoretical and computational framework for the analysis of the thermoelastic response of nonlocal solids according to the fractionalorder continuum theory. Starting from fractional-order strain-displacement relations, the presented approach al-lowed achieving simplified material constitutive relations resulting in a rigorous point-wise enforcement of the thermodynamic balance laws. This result highlights a critical difference with respect to traditional integerorder methods that can satisfy the thermodynamic laws only in a (weak) integral sense. In fact, the fractionalorder framework greatly simplifies the determination of the free energy density and the subsequent constitutive modeling of nonlocal thermoelasticity. The resulting thermodynamically-consistent fractional-order continuum theory is well suited to develop accurate models to capture nonlocal interactions, heterogeneity, and scale effects in complex elastic solids operating in a thermomechanical environment. The efficacy of the modeling approach was illustrated by applying the methodology to the analysis of the static response of a nonlocal Euler-Bernoulli beam subject to combined thermo-mechanical loads. An accurate numerical finite element method (referred to as f-FEM) for the solution of the nonlocal beam under different boundary conditions was also developed. The f-FEM is capable of solving the nonlinear integrodifferential governing equations despite the presence of a singular kernel characteristic of the fractional operators. A variety of numerical results highlighted the extremely robust nature of the fractional models by illustrating the consistency of the predicted nonlocal response across different thermo-mechanical loads and boundary conditions; a property not achievable in classical integer-order methods. The current study may be extended further to include the fractional-order heat conduction laws so to develop coupled fractional-order governing equations for a thermoelastic solid.
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